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Although the spectral properties of random graphs have been a long-standing focus of network
theory, the properties of right eigenvectors of directed graphs have so far eluded an exact analytic
treatment. We present a general theory for the statistics of the right eigenvector components in
directed random graphs with a prescribed degree distribution and with randomly weighted links. We
obtain exact analytic expressions for the inverse participation ratio and show that right eigenvectors
of directed random graphs with a small average degree are localized. Remarkably, if the fourth
moment of the degree distribution is finite, then the critical mean degree of the localization transition
is independent of the degree fluctuations, which is different from localization in undirected graphs
that is governed by degree fluctuations. We also show that in the high connectivity limit the
distribution of the right eigenvector components is solely determined by the degree fluctuations.
For delocalized eigenvectors, we recover the universal results from standard random matrix theory
that are independent of the degree distribution, while for localized eigenvectors the eigenvector
distribution depends on the degree distribution.

Introduction. Complex systems, such as, neural net-
works [1–3], ecosystems [4], gene regulatory networks
[5–7], social networks [8, 9], and the World Wide Web
[10, 11] are described by large, directed graphs. There-
fore, there is much interest in understanding how the
topology of directed graphs impacts the dynamics of pro-
cesses and algorithms on them.

Much insight in the dynamical processes on graphs is
gained from the spectral properties of the adjacency ma-
trix that represents the network. This is because the lin-
earized dynamics of a complex system in the vicinity of
a fixed point is determined by the spectral properties of
the adjacency matrix [12, 13]. As a consequence, spectral
analysis of the adjacency matrix has proven to be impor-
tant in the study of neural networks [14–18], ecosystems
[19–21], gene regulatory networks [22, 23], and disease
spreading [24–28]. In these systems, the eigenvectors of
the adjacency matrix determine the dynamical modes
evoked by external perturbations. In addition, right
eigenvectors of adjacency matrices of directed graphs are
used in algorithms for node centrality [29–31], commu-
nity detection [32–34], and matrix completion [35].

In disordered systems, eigenvectors localize when the
strength of the disorder is large enough [36, 37]. Lo-
calized eigenvectors occupy a few vertices, whereas de-
localized eigenvectors are extended over the whole sys-
tem. The transition from a delocalized to a localized
state leads to a qualitative change in the dynamics of
processes and algorithms. For example, the localization
transition implies a metal-insulator phase transition in
solid state physics [36, 37], a transition from an algorith-
mic successful to a failure phase in spectral algorithms
[31, 35, 38], and a transition from a regime where the
linear dynamics of a large complex system is governed

by a finite number of vertices to a regime where the dy-
namics is governed by a finite fraction of all vertices. In
the context of disease spreading, eigenvector localization
implies that the fraction of infected vertices is very small
right above the epidemic threshold [25].

For undirected random graphs, the localization of
eigenvectors of the adjacency matrix has been well stud-
ied [25, 26, 36, 37, 39–49]. The eigenvector of the largest
eigenvalue is localized if the maximal degree of the graph
is larger than a certain value. Hence, degree fluctuations
are crucial for the localization of eigenvectors in undi-
rected graphs.

For directed random graphs, the statistical properties
and the localization of eigenvectors have been studied
for one-dimensional chains, such as, the Hatano-Nelson
model [50–52] and its extensions to biological systems
[53, 54], and a diluted Ginibre ensemble [55]. However,
the localization of eigenvectors in directed random graphs
that model complex systems, such as, the World Wide
Web or neural networks, have not been studied so far.

In this Letter, we make a significant step forward by
developing an exact theory for the statistical properties of
the right (or left) eigenvectors of directed random graphs
with a prescribed degree distribution and random cou-
plings. We derive exact analytic expressions for the in-
verse participation ratio and for the critical point of the
localization-delocalization transition. Surprisingly, when
the moments of the degree distribution are finite, the
critical point of the localization-delocalization transition
is independent of the degree distribution. Moreover, the
right eigenvectors are localized if the degree distribution
has a diverging fourth moment. We also show that in
the high connectivity limit the statistics of the compo-
nents of right eigenvectors are only determined by degree
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fluctuations. In this limit, we obtain distinct universality
classes that depend on an exponent that quantifies the
degree fluctuations.

Model set-up. We consider random matrices A of di-
mension n× n with elements

Aij = JijCij , i, j ∈ {1, 2, . . . , n} , (1)

where Cij ∈ {0, 1} are the entries of the adjacency ma-
trix C of a simple and directed random graph with a
prescribed degree distribution

pKin,Kout(k, `) = pKin(k)pKout(`) (2)

of indegrees K in and outdegrees Kout. We set Cij = 1
when there exists a directed link pointing from i to j,
such that the outdegree (indegree) of the i-th node is
Kout
i =

∑n
j=1 Cij (K in

i =
∑n
j=1 Cji). The Jij are real-

valued, independent and identically distributed random
variables drawn from a distribution pJ(x).

Random graph models with undirected edges and a
prescribed degree distribution are surveyed in [56]. Here
we consider their extension to the directed case. Di-
rected random graphs with a prescribed degree distri-
bution [57–62] model the World Wide Web [10, 11] and
neural networks [1, 3, 63]. In this model, the indegrees
and outdegrees are drawn from Eq. (2) subject to the con-
straint

∑n
j=1K

in
j =

∑n
j=1K

out
j , and subsequently nodes

are randomly connected according to the given degree
sequences. Hence, given a sequence of degrees, random
graphs are drawn uniformly from the set of simple and
directed graphs. This model provides the ideal setting to
explore the influence of network topology on the spectral
properties of A.

In what follows, brackets 〈·〉 denote the average with
respect to the distribution of A. In particular, we use

c = 〈Kout〉 (3)

for the mean outdegree, and we denote the variance of a
random variable X by var(X) = 〈X2〉 − 〈X〉2.

Spectra of infinitely large matrices A. The spectrum
of A has been studied in Refs. [64–67]. For n → ∞
and c > 1, directed random graphs have a giant strongly
connected component [68] and the spectral distribu-
tion ρA(λ) = n−1

∑n
j=1 δ(λ − λj(A)) of the eigenval-

ues {λj(A)}nj=1 is supported on a disk of radius |λb| =√
c〈J2〉 centered at the origin of the complex plane. In

addition, if

c > cgap =
〈J2〉
〈J〉2 , (4)

then there exists an eigenvalue outlier located at λisol =
c〈J〉 that is separated from the boundary λb by a finite
gap. Figure 1 shows the eigenvalues for an example of a
directed random graph, where one clearly identifies the
outlier λisol and the boundary λb of ρA(λ) for n→∞.
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(λ
)

Boundary λb

FIG. 1: Eigenvalues of three realizations (circles, triangles,
and squares) of the adjacency matrix A of directed random
graphs with n = 500 (see Eq. (1)). The indegrees and outde-
grees follow a Poisson distribution with average c = 5. The
weights Jij are drawn from a Gaussian distribution pJ with
mean and variance equal to one.

Distribution of the right eigenvector components. A
right eigenvector ~R(λ) associated to an eigenvalue λ of
A satisfies

A~R(λ) = λ~R(λ), (5)

and the distribution of the entries of ~R(λ) reads

pR(r|λ) = lim
n→∞

1

n

n∑

i=1

δ (r −Ri(λ)) . (6)

If λ is an outlier (λ = λisol) or λ is located at the bound-
ary of the spectrum (λ = λb), then pR(r|λ) fulfills [65–67]

pR(r|λ) =

∞∑

k=0

pKout(k)

∫ 


k∏

j=1

dxjd
2rjpJ(xj)pR(rj |λ)




× δ


r − 1

λ

k∑

j=1

xjrj


 , (7)

where d2r ≡ d Re r d Im r. Equation (7) is exact for in-
finitely large and directed random graphs with a pre-
scribed degree distribution, because they are locally tree-
like. In fact, the solutions of Eq. (7) are well corrobo-
rated by direct diagonalizations of large adjacency matri-
ces [65–67]. The analytic results presented below follow
from Eq. (7).

Inverse participation ratio. The localization of ~R(λ)
can be characterized in terms of the inverse participation
ratio (IPR) [44, 69, 70]

I(λ) ≡ lim
n→∞

n
∑n
i=1 |Ri(λ)|4

(
∑n
i=1 |Ri(λ)|2)

2 =
〈|R(λ)|4〉
〈|R(λ)|2〉2 , (8)

where we have used that I is self-averaging [71]. The

IPR is finite if ~R(λ) is delocalized, whereas I(λ) diverges

if ~R(λ) is localized on a finite number of nodes.
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From Eq. (7), we derive in the Supplemental Mate-
rial [71] exact expressions for the IPR when λ = λisol or
λ = λb. We find that

I(λb) =
(γ + 1)

[
〈(Kout)2〉 − c

]

c (c− 〈J4〉/〈J2〉2)
, (9)

where γ = 2 when λb ∈ R and γ = 1 when λb /∈ R.
Analogously, the IPR at λ = λisol reads

I(λisol) =
3β1〈J2〉2

(c4〈J〉4 − c〈J4〉) +
β3
(
c2〈J〉2 − c〈J2〉

)2

β2
1 (c4〈J〉4 − c〈J4〉)

+
12β1〈J3〉〈J2〉

(
c2〈J〉2 − c〈J2〉

)

(c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉)

+
4β2〈J3〉

(
c2〈J〉2 − c〈J2〉

)2

β1 (c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉)

+
6β2〈J2〉

(
c2〈J〉2 − c〈J2〉

)

β1 (c4〈J〉4 − c〈J4〉) , (10)

where

β` ≡
∞∑

k=`+1

pKout(k)
k!

(k − `− 1)!
, ` = 1, 2, 3. (11)

Figure 2 illustrates Eqs. (9) and (10) as a function
of c for a Gaussian distribution pJ and three different
outdegree distributions: Poisson, exponential, and Borel
distribution (see Supplemental Material [71]). All mo-
ments of these degree distributions are finite and each
pKout is parametrized only by c. Figure 2 shows that the
IPR is finite if c is large enough and it diverges for small
c, which demonstrates the existence of a delocalization-
localization phase transition in directed random graphs.

The localization phase transition. There are two
mechanisms for localization, one governed by fluctuations
of Jij , and a second one governed by degree fluctuations.

The first mechanism is illustrated in Fig. 2 and it holds
for arbitrary pKout with a finite fourth moment. In this
case, the right eigenvectors associated to λ = λb and
λ = λisol are localized when c is smaller than

cb =
〈J4〉
〈J2〉2 and c3isol =

〈J4〉
〈J〉4 , (12)

respectively. Thus, the critical points for the localization
transitions only depend on the lower moments of pJ and
they are independent of pKout . When pJ(x) = δ(x−1), we
obtain cb = cisol = 1 and the delocalization-localization
transition is governed by the percolation transition for
the strongly connected component [68]. According to
Eq. (10), a localization transition at c∗isol =

√
〈J3〉/〈J〉3

is in principle possible, but we could not find an example
of pJ for which c∗isol > cisol and c∗isol > cgap.

Figure 3 shows the phase diagram when pJ is a Gaus-
sian distribution with mean µ and variance σ2. In this
case, cgap, cb and cisol only depend on σ/µ. A few
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FIG. 2: The IPR I(λ) of right eigenvectors associated to λisol

[Panel (a)] and λb /∈ R [Panel (b)]. Equations (9) and (10)
(different line styles) are shown as a function of the average
degree c for different outdegree distributions: Poisson, ex-
ponential, and Borel (see Supplemental Material [71]). The
weights Jij are drawn from a Gaussian distribution pJ with
first and second moments indicated on each panel. The sym-
bols are obtained from the numerical solutions of Eq. (7) us-
ing the population dynamics algorithm [43, 66], while direct
diagonalization results for I(λ) are presented in the Supple-
mental Material [71]. The error bars are the standard devi-
ation of the IPR for 10 independent runs of population dy-
namics. The results for the Borel distribution are rescaled as
I(λisol) → I(λisol)/c in panel (a).

generic properties of eigenvector localization in directed
random graphs, which also hold for non-Gaussian pJ , are
illustrated in Fig. 3. First, ~R(λisol) is delocalized when
〈J2〉3 > 〈J4〉〈J〉2 because cgap > cisol. Second, the tran-
sition lines fulfill cgap < cisol < cb for 〈J2〉3 < 〈J4〉〈J〉2.
Lastly, the critical transitions cgap, cisol and cgap intersect
in a common point because c3isol = cbc

2
gap.

The second mechanism for localization is due to large
degree fluctuations. From Eqs. (9) and (10), it follows
that I(λb) → ∞ if 〈(Kout)2〉 → ∞ and I(λisol) → ∞ if
〈(Kout)4〉 → ∞, independently of pJ . Hence, localization

of ~R(λb) and ~R(λisol) also occurs in graphs with power-
law degree distributions. In the sequel, we show that
degree-based localization persists in the high connectivity
limit.

Localization and universality in the high connectivity
limit. In Fig. 2, I(λ) flows to different asymptotic val-
ues for c� 1. To explore the localization and universal-
ity of eigenvectors in the high connectivity limit c→∞,
we analyze the moments of the distribution pR. Since
〈R(λisol)〉 is finite, we characterize the limit c → ∞ of
pR(r|λisol) through the relative variance

Rc =
var[R(λisol)]

〈R(λisol)〉2
. (13)

On the other hand, since 〈R(λb)〉 = 0, we characterize
the limit c→∞ of pR(r|λb) through the kurtosis

Kc =

〈
(ReR(λb))

4
〉

〈
(ReR(λb))

2
〉2 =

(4− γ)

2
I(λb), (14)
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FIG. 3: Phase diagram for the localization of right eigen-
vectors associated to λisol and λb. The distribution pJ is
Gaussian with mean µ and standard deviation σ.

where we used the fact that odd moments of pR(r|λb)
are zero [71]. Setting c → ∞ in Eqs. (13) and (14), we
obtain [71]

R∞ = lim
c→∞

var[Kout]

c2
, (15)

K∞ = 3

(
1 + lim

c→∞
var[Kout]

c2

)
, (16)

which indicates that the limit c → ∞ of pR is deter-
mined by the degree distribution. We see that, in gen-
eral, pR(r|λb) and pR(r|λisol) are not Gaussian in the
high connectivity limit.

With the purpose of classifying the universal behavior
of pR for c→∞, let us consider degree distributions that
satisfy

var[Kout] = Bcα (c� 1), (17)

where α and B depend on the specific choice of pKout(k).
Equation (17) holds for different examples of degree dis-
tributions, including those in Fig. 2. Plugging this ansatz
for var[Kout] in Eqs. (15) and (16), we obtain three
universality classes for limc→∞ pR(r|λ), which are deter-
mined by the exponent α that controls the degree fluctua-
tions. The results for the universality classes are summa-
rized in table I. In terms of R∞ and K∞, we find that for
α ≤ 2 the eigenvectors ~R(λb) and ~R(λisol) are delocalized
in the limit c→∞, whereas for α > 2 these eigenvectors
are localized due to large degree fluctuations.

The eigenvector distributions in the high connectivity
limit. The results in Table I indicate that pR(r|λ) is uni-
versal for c → ∞. Below we present explicit expressions
for pR(r|λ) when c → ∞. Henceforth we set 〈|R|2〉 = 1
without loosing generality.

The characteristic function of pR(r|λ) is given by [71]

gR(u, v|λ) =

∞∑

k=0

pKout(k)ek lnF (u,v|λ), (18)

α < 2 α = 2 α > 2

R∞ 0 B ∞
K∞ 3 3(1 +B) ∞

Example Poisson Exponential Borel

TABLE I: The relative variance Rc of ~R(λisol) and the kur-

tosis Kc of ~R(λb) in the high connectivity limit c → ∞ (see
Eqs. (15) and (16)), together with an example of the outde-
gree distribution pKout in each regime of α (see Eq. (17)).

where

F (u, v|λ) =

∫
dx pJ(x)

∫
d2r pR(r|λ)e−

xzr
2λ + xz∗r∗

2λ∗ ,

(19)
and z = u + iv. The symbol (. . . )∗ denotes complex-
conjugation. If λ ∈ R, the eigenvector components are
real and F (u, v|λ) is independent of v.

Setting λ = λisol or λ = λb in Eq. (19), we can expand
F (u, v|λ) for c � 1 up to order O(1/c) if α ≤ 2 (see
table I). This approach does not work for α > 2, because
the moments of pR can diverge in this regime. Thus,
performing this expansion for α ≤ 2 and substituting the
resulting expression for F (u, v|λ) in Eq. (18), we obtain
[71]

gR(u, v|λb) =

∞∑

k=0

pKout(k) exp

[
−γk

4c

(
u2 + (2− γ) v2

)]
,

(20)

gR(u, v|λisol) =

∞∑

k=0

pKout(k) exp

(
− iuk

c
√
Bcα−2 + 1

)
.

(21)

Remarkably, the characteristic functions for c → ∞ are
fully specified by pKout and they are independent of pJ .

For degree distributions where limc→∞ var[Kout]/c2 =
0 (α < 2), it is reasonable to set pKout(k) = δk,c in
Eqs. (20) and (21), leading to [71]

pR(r|λb) =
1

π
e−|r|

2

(λb /∈ R), (22)

pR(r|λisol) = δ [Im(r)] δ [Re(r)− 1] . (23)

Equation (22) yields the well-known Porter-Thomas dis-
tribution for the eigenvector components of Gaussian
random matrices [72, 73]. Thus, standard results from
random matrix theory are recovered when α < 2.

If pKout is an exponential distribution, where α = 2,
we obtain in the limit c→∞ [71]

pR(r|λb) =
2

π
K0 (2|r|) (λb /∈ R), (24)

pR(r|λisol) =
√

2 δ [Im(r)] Θ [Re(r)] e−
√
2Re(r), (25)

where Θ(x) is the Heaviside step function and K0(x) is a
modified Bessel function of the second kind [74]. Figure
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FIG. 4: The high connectivity limit c→ ∞ of the distribution
pR(Re(r)|λisol) of the real part of the eigenvector components
at λisol [Panel (a)], and of the distribution p|R|(|r||λb) of the
norm of the eigenvector components at λb /∈ R [Panel (b)].
The solid red lines and the dashed black lines are, respectively,
the analytic results for regular/Poisson and exponential de-
gree distributions (see Eqs. (22-25)), while the symbols are
numerical solutions of Eq. (7) with c = 100. The numerical
data for regular/Poisson graphs in panel (a) is a Gaussian
distribution with variance of O(1/c), approaching the Dirac
delta distribution (vertical arrow) for c→ ∞.

4 illustrates the shape of the distributions pR given by
Eqs. (22-25), and compares them with numerical solu-
tions of Eq. (7) for c = 100. The derivation of Eqs. (22-
25) is explained in the Supplemental Material [71].

Conclusions. We have shed light on the relationship
between graph topology and the localization of right
eigenvectors in directed random graphs. If the moments
of the outdegree distribution pKout are finite, then right
eigenvectors at the edge of the spectrum are localized be-
low a critical mean outdegree. It is striking that the crit-
ical points for the localization transitions are universal,
in the sense they only depend on the lower moments of
the distribution pJ of the edge weights, regardless of the
network topology. Therefore, localization in directed ran-
dom graphs is fundamentally different from localization
in undirected graphs, for which degree fluctuations are
important [25, 42–44, 46, 47, 75, 76]. Indeed, the eigen-
vector associated with the largest eigenvalue of the adja-
cency matrix of an undirected random graph is localized
if the maximal degree is large enough [25]. Degree-based
localization is also possible for directed random graphs,
but then pKout requires a divergent fourth moment.

In the high connectivity limit, the distribution pR of
the right eigenvector components is only determined by
the graph topology, independently of pJ . If the outdegree
fluctuations are small enough, then eigenvectors are delo-
calized and pR is given by the same universal distribution
as in the case of Gaussian random matrices [72, 73]. On
the other hand, if the outdegree fluctuations are large
enough, then eigenvectors are localized and the distribu-
tion pR depends on pKout . More generally, these results
indicate that Gaussian random matrix theory describes

well the spectral properties of high connectivity graphs
only when the degree fluctuations are sufficiently small
[77].

For future work, it would be interesting to explore the
implications of eigenvector localization for the dynam-
ics of neural networks [53, 54] and ecosystems [20, 78],
to compare the theoretical predictions for the IPR with
empirical values in real-world networks [26, 79], and to
study eigenvector localization of Laplacians of directed
graphs [80–82].

The authors thank Jacopo Grilli for interesting discus-
sions. F.L.M. thanks London Mathematical Laboratory
and CNPq/Brazil for financial support.
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S1. INTRODUCTION

The supplements are organized into four sections. In Sec. S2, we discuss the degree dis-

tributions we consider in the paper: regular, Poisson, exponential and Borel distributions.

In Sec. S3, we derive Eqs. (9) and (10) in the main text for the inverse participation ratios

I(λb) and I(λisol), respectively. In Sec. S4, we derive the analytic results for the distribution

of the eigenvector components in the high connectivity limit. Lastly, in Sec. S5, we com-

pare theoretical results for the inverse participation ratio of infinitely large matrices with

numerical results for matrices of finite size.

S2. DIRECTED RANDOM GRAPHS WITH A PRESCRIBED DEGREE

DISTRIBUTION

In the present paper, we consider random graphs with a prescribed degree distribution

pKin,Kout(k, `) = pKin(k)pKout(`) (S1)

of indegrees K in and outdegrees Kout, see Refs. [1–5]. Random graph models, in which

the degree sequences are specified at the outset, are also called configuration models [1, 6].

We derive results for the spectral properties of simple graphs where self-edges and multi-

edges are absent. A simple, weighted, and directed random graph instance, with degrees

from a prescribed degree distribution pKin,Kout , can be generated by adapting the standard
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stub matching procedure [7] to directed graphs. First, we draw a sequence of indegrees

(K in
1 , K

in
2 , . . . , K

in
n ) and outdegrees (Kout

1 , Kout
2 , . . . , Kout

n ) from the distribution pKin,Kout ,

Eq. (S1), conditioned by the constraint
∑n

j=1K
in
j =

∑n
j=1K

out
j . Second, we assign a to-

tal number of Kout
i outward stubs and K in

i inward stubs to each node i (i = 1, . . . , N). A

pair of stubs, containing an outward stub and an inward stub, is selected at random with

uniform probability and then connected to create a directed edge between a pair of nodes.

The corresponding entry of the adjacency matrix A is set to a value drawn from the distribu-

tion of weights pJ . This stub matching process is repeated until there are no remainder stubs

and a simple graph is returned, i.e., graph instances containing self-edges or multiedges are

rejected. This procedure generates directed random graphs that are uniformly sampled from

the space of simple graphs. We point out that, although we only consider simple graphs,

the results for the spectral properties of A presented in this paper should also apply to the

configuration model of directed graphs with multiedges and self-edges. The main reason is

that the fraction of multiedges and self-edges vanishes when N →∞ [4], provided the ratio

c/N goes to zero as N →∞. The latter condition is satisfied if c scales very slowly with N .

Because nodes are connected in a random fashion, the local neighbourhood of a randomly

selected node is with probability one locally tree-like and oriented in the limit n→∞. The

oriented property means that all edges are unidirectional. The relevance of the oriented

property and the local tree-like structure of the graph to the derivation of Eq. (7) in the

main text has been discussed in previous works [8, 9].

Below we present some properties of four examples of degree distributions, namely, regu-

lar, Poisson, exponential, and Borel distributions. The properties of these distributions are

important to reproduce and understand some of the results in the main text. We will only

specify the outdegree distribution pKout(k), since pKout = (k)pKin(k) in each case.

A. Regular graphs

In the c-regular ensemble, the indegree and outdegree of each node is equal to a constant

c [10], such that

pKout(k) = pKin(k) = δk,c, (S2)

where δ is the Kronecker delta function. The moments of pKout(k) read

〈
(
Kout

)n〉 = cn, n ≥ 1, (S3)
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while the variance of the outdegree distribution is given by

var[Kout] = 0. (S4)

B. Poisson graphs

For this ensemble, the degree distribution is given by

pKout(k) =
e−cck

k!
, (S5)

where c > 0 is a real parameter. Analytic expressions for the moments follow from the

generating function

g(x) =
∞∑

k=0

pKout(k)exk = ec(e
x−1) (S6)

through the derivatives

〈
(
Kout

)n〉 =
dng

dxn

∣∣∣∣∣
x=0

. (S7)

In the main text of the paper, we need the first four moments

〈
Kout

〉
= c,

〈(
Kout

)2〉
= c(c+ 1),

〈(
Kout

)3〉
= c(c+ 1) + c2(c+ 2),

〈(
Kout

)4〉
= c(c+ 1) + 3c2(c+ 2) + c3(c+ 3). (S8)

The variance of the outdegree distribution is

var[Kout] = c. (S9)

C. Exponential graphs

For exponential graphs, the degree distribution is

pKout(k) =
1

c+ 1

(
c

c+ 1

)k
, (S10)

with c > 0. By making the change of variables x ≡ ln
(

c
c+1

)
, the n-moment can be computed

from the equation

〈(
Kout

)n〉
=

1

c+ 1

∞∑

k=0

knexk =
1

c+ 1

[
dn

dxn
1

1− ex
] ∣∣∣∣∣

x=ln( c
c+1)

. (S11)
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The analytic expressions for the first four moments read

〈
Kout

〉
= c,

〈(
Kout

)2〉
= 2c2 + c,

〈(
Kout

)3〉
= 6c3 + 6c2 + c,

〈(
Kout

)4〉
= 24c4 + 36c3 + 14c2 + c,

and the variance is given by

var[Kout] = c2 + c. (S12)

D. Borel graphs

In these graphs pKout(k) follows a Borel distribution. The Borel distribution is defined as

[11, 12]

pKout(k) =
e−µk (µk)k−1

k!
, (S13)

where k is a positive integer and µ ∈ [0, 1] is a control parameter. As far as we are aware,

the Borel degree distribution has not been considered in the context of random networks,

thus we discuss in more detail the calculation of the moments in this case.

The moments of the Borel distribution can be evaluated in a recursive way. Here we lay

out this recursive approach explicitly for the first two moments, while the third and the

fourth moments follow through a similar calculation which we do not present explicitly. We

use the change of variables

ν ≡ µe−µ (S14)

in the normalization condition
∑∞

k=1 pKout(k) = 1 to obtain the useful identity

∞∑

k=1

kk−1νk

k!
= µ. (S15)

We first address how µ is related to the mean outdegree

c = 〈Kout〉. (S16)

We take the derivative of Eq. (S15) with respect to ν and obtain

c =
ν

µ

dµ

dν
. (S17)
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The derivative dµ
dν

follows from Eq. (S14), namely,

dµ

dν
=

eµ

1− µ. (S18)

Substituting Eqs. (S14) and (S18) in Eq. (S17) leads to

c =
1

1− µ. (S19)

Hence, analogously to the Poisson and exponential outdegree distributions, pKout(k) is

parametrized solely by the mean outdegree c through the relation (S19). The limit µ → 1

corresponds to the high connectivity limit c→∞, while µ→ 0 yields c→ 1.

The second moment of the outdegree distribution is given by

〈(Kout)2〉 =
∞∑

k=1

k2pKout(k) =
∞∑

k=1

kk+1νk

µk!
. (S20)

By taking a second order derivative of Eq. (S15) with respect to ν and using the above

equation, we obtain

〈(Kout)2〉 =
ν2

µ

d2µ

dν2
+ c. (S21)

The expression for d2µ
dν2

is obtained from taking the derivative of Eq. (S18) with respect to

ν, namely,
d2µ

dν2
=
e2µ(2− µ)

(1− µ)3
. (S22)

We get the analytic expression for 〈(Kout)2〉 by plugging the above equation back in

Eq. (S21), yielding

〈(Kout)2〉 =
1

(1− µ)3
. (S23)

The third and fourth moments of pKout(k) are computed following the same recursive

approach. The final analytic expressions are given by

〈(Kout)3〉 =
1 + 2µ

(1− µ)5
(S24)

and

〈(Kout)4〉 =
−12µ3 + 24µ2 + 8µ− 5

(1− µ)7
. (S25)

The variance of the Borel outdegree distribution reads

var[Kout] = c3 − c2. (S26)
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E. Comparing the degree distributions

The four outdegree distributions introduced above have finite moments and are

parametrized by a single parameter, namely the mean outdegree c. For a fixed c, we can

compare four outdegree distributions with the same mean c but different variances. Thus, we

use these four degree distributions to illustrate how degree fluctuations affect the localization

and the universality properties of the eigenvectors of directed random graphs.

Figure S1 shows the Poisson, the exponential, and the Borel outdegree distributions for

c = 5. The Borel distribution pKout(k) decays slower for k � 1 in comparison to the other

distributions, i.e., the probability of having nodes with large outdegree k is higher for the

Borel distribution than for regular, Poisson, and exponential distributions.

0 20 40 60 80 100 120
−80

−60

−40

−20

0

k

ln
p K

(k
)

Poisson
Exponential

Borel

FIG. S1: Poisson, exponential, and Borel outdegree distributions pKout(k) for c = 5 (see Eqs. (S5),

(S10), and (S13)). The y-axis displays the logarithm of pKout(k) to highlight the difference in the

tails of the distributions.

The strength of the degree fluctuations of the four ensembles is also captured by the

scaling of the variance σ2
Kout with c� 1. In all four cases, the variance of Kout scales as

var[Kout] = Bcα, (S27)

for c � 1. In particular, for regular graphs α → −∞, for Poisson graphs α = 1, for

exponential graphs α = 2, and for Borelian graphs α = 3. According to Eqs. (15) and

(16) in the main text, the different universal behaviors of the right eigenvector distributions

for c → ∞ can be classified in terms of the asymptotic behaviour of the relative variance
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var[Kout]/c2, which is essentially controlled by the exponent α. The parameter var[Kout]/c2

vanishes for regular random graphs and for the Poisson distribution (both models have

α < 2), var[Kout]/c2 diverges for the Borel distribution (α > 2), and var[Kout]/c2 remains

finite for the exponential distribution (α = 2). In the marginal case of α = 2, the high

connectivity limit of the eigenvector distribution is determined by the prefactor B (B = 1

for the exponential distribution). Each of the outdegree distributions discussed here provides

an example of a network ensemble within a certain universality class (see also table I in the

main text).

S3. CALCULATION OF THE INVERSE PARTICIPATION RATIO

We derive Eqs. (9) and (10) in the main text for the inverse participation ratio (IPR) of

the right eigenvectors associated to the outlier λisol and to an eigenvalue λb at the boundary

of the spectral distribution ρA(λ). We restrict ourselves to right eigenvectors since the results

for left eigenvectors are obtained through the substitution “out → in”. The IPR I(λ) of a

right eigenvector ~R(λ) is determined from (see also Eq. (8) in the main text)

I(λ) =
〈|R(λ)|4〉
〈|R(λ)|2〉2 . (S28)

Below we show how to compute the moments 〈|R(λ)|2〉 and 〈|R(λ)|4〉 of the distribution pR

of the right eigenvector components.

A. Moments of pR

As shown in Refs. [8, 13], the limit n→∞ of the distribution pR(r|λ) of the right eigen-

vector components associated to an eigenvalue λ = λisol or λ = λb solves the distributional

Eq. (7) in the main text

pR(r|λ) =
∞∑

k=0

pKout(k)

∫ ( k∏

j=1

dxjd
2rjpJ(xj)pR(rj|λ)

)
δ

(
r − 1

λ

k∑

j=1

xjrj

)
. (S29)

The m+ n-moment of pR is given by

〈Rn (R∗)m〉 =

∫
d2r pR(r|λ) rn(r∗)m. (S30)
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Inserting Eq. (S29) in Eq. (S30) yields

〈Rn (R∗)m〉 =
1

λn (λ∗)m

∞∑

k=0

pKout(k)

∫ ( k∏

j=1

dxjd
2rjpJ(xj)pR(rj|λ)

)(
k∑

j=1

xjrj

)n( k∑

j=1

xjr
∗
j

)m

.

(S31)

Using the multinomial theorem, we can rewrite the above expression as

〈Rn (R∗)m〉 =
1

λn (λ∗)m

∞∑

k=0

pKout(k)
∑

i1+···+ik=n

∑

j1+···+jk=m
Cn(i1, . . . , ik)Cm(j1, . . . , jk)

×
k∏

t=1

〈
J it+jtt

〉 k∏

t=1

〈
Rit
t (R∗t )

jt
〉
, (S32)

with the coefficients

Cn(i1, . . . , ik) =
n!∏k
t=1 it!

, and Cm(j1, . . . , jk) =
m!∏k
t=1 jt!

. (S33)

The sum
∑

i1+···+ik=n (
∑

j1+···+jk=m) runs over all distinct combinations of non-negative

integers i1, . . . , ik (j1, . . . , jk) such that
∑k

t=1 it = n (
∑k

t=1 jt = m). Equation (S32) allows

to calculate recursively the moments of pR, as we demonstrate below.

B. The eigenvalue outlier λisol and eigenvalues λb at the boundary of the spectrum

By setting n = 1 and m = 0 in Eq. (S32), we obtain the fixed-point equation for the

mean 〈R〉
〈R〉 =

c〈J〉
λ
〈R〉. (S34)

Analogously, we can set n = m = 1 in Eq. (S32) yielding

|λ|2〈|R|2〉 = c〈J2〉〈|R|2〉+ 〈Kout(Kout − 1)〉〈J〉2|〈R〉|2. (S35)

For n = 2 and m = 0 we get

λ2〈R2〉 = c〈J2〉〈R2〉+ 〈Kout(Kout − 1)〉〈J〉2〈R〉2. (S36)

If 〈R〉 6= 0, then

λ = λisol = c〈J〉, (S37)

which is the eigenvalue outlier. On the other hand, if 〈R〉 = 0, then

〈|R|2〉 =
c〈J2〉
|λ|2 〈|R|

2〉, (S38)
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leading to

|λ2| = |λ2b| = c〈J2〉, (S39)

which is the boundary of the spectrum.

C. The IPR for the right eigenvector associated to an eigenvalue λb

The IPR is the ratio between the fourth moment and the second moment of pR(r|λ) (see

Eq. (8) in the main text). In this subsection we calculate the IPR for the right eigenvectors

associated to λb, for which 〈R〉 = 0. We need to distinguish between λb ∈ R and λb /∈ R

as the distribution pR is different in each case. This follows from the fact that ~R(λ) only

contains real components when λ ∈ R.

We first analyze the second moments of pR. If λb /∈ R, then Eq. (S36) implies that

〈R2〉 = 0, while for λb ∈ R we have that 〈R2〉 = 〈|R|2〉 6= 0. We do not need to compute

〈|R|2〉, since its value is determined by the choice of normalization for the right eigenvectors.

The third moments 〈R3〉 and 〈R2R∗〉 are obtained from Eq. (S32) when n + m = 3. By

inspecting the different terms in Eq. (S32) and taking into account that 〈R〉 = 〈R∗〉 = 0, we

conclude that the third moments solve the linear equations

〈R3〉 =
c〈J3〉
λ3b
〈R3〉, (S40)

〈R2R∗〉 =
c〈J3〉
λ2bλ

∗
b

〈R2R∗〉. (S41)

Since |λb|2 = c〈J2〉, it holds that 〈R3〉 = 〈R2R∗〉 = 0 for both λb ∈ R and λb /∈ R.

Lastly, we compute the fourth moments of pR. If λb ∈ R, then we are only concerned

with a single fourth moment since 〈|R|4〉 = 〈R4〉 = 〈R3R∗〉. In this case, we set n = 4 and

m = 0 in Eq. (S32), and use the fact that the first and the third moments of pR are zero,

which yields

〈R4〉 =
1

λ4b

∞∑

k=0

pKout(k)

[
k〈J4〉〈R4〉+

k(k − 1)

2

4!

2!2!
〈J2〉2〈R2〉2

]

=
1

λ4b

[
c〈J4〉〈R4〉+ 3〈Kout(Kout − 1)〉〈J2〉2〈R2〉2

]
. (S42)

Using that λb =
√
c〈J2〉 in the above expression, we readily obtain from Eq. (S28) the
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analytic expression for the IPR

I(λb) =
3〈J2〉2〈Kout(Kout − 1)〉

c (c〈J2〉2 − 〈J4〉) , (S43)

which is the Eq. (9) in the main text for γ = 2.

If λ = λb /∈ R, then we have to consider three different combinations of n and m

in Eq. (S32) that yield fourth moments (n + m = 4): 〈R4〉, 〈R3R∗〉, and 〈|R|4〉. Since

〈R〉 = 〈R2〉 = 0 for λb /∈ R in the multinomial expansion of Eq. (S32), one obtains that

〈R3R∗〉 and 〈R4〉 are determined from the solutions of two linear equations, which have a

structure similar to Eqs. (S40) and (S41). From these linear equations for 〈R3R∗〉 and 〈R4〉,
it is straightforward to verify that 〈R3R∗〉 = 〈R4〉 = 0 when |λ| =

√
c〈J2〉. We are thus left

with a single fourth moment to compute, namely 〈|R|4〉. Setting n = m = 2 and λ = λb /∈ R

in Eq. (S32), we get

〈|R|4〉 =
1

|λb|4
∞∑

k=0

pKout(k)

[
k〈J4〉〈|R|4〉+

1

2
k(k − 1) 2! 2! 〈J2〉2〈|R|2〉2

]

=
1

|λb|4
[
c〈J4〉〈|R|4〉+ 2〈Kout(Kout − 1)〉〈J2〉2〈|R|2〉2

]
. (S44)

Substituting |λb| =
√
c〈J2〉 in the above equation, we obtain from Eq. (S28) the analytic

expression for the IPR

I(λb) =
〈|R|4〉
〈|R|2〉2 =

2〈J2〉2〈Kout(Kout − 1)〉
c (c〈J2〉2 − 〈J4〉) , (S45)

which is the Eq. (9) for γ = 1.

The only difference between Eqs. (S43) and (S45) is the numerical factor in the numer-

ator, and therefore we can write

〈|R|4〉
〈|R|2〉2 =

(γ + 1)〈J2〉2〈Kout(Kout − 1)〉
c (c〈J2〉2 − 〈J4〉) , (S46)

where γ = 2 if λb ∈ R, and γ = 1 if λb /∈ R.

D. The IPR for the right eigenvector associated to the outlier eigenvalue λisol

In this subsection we compute the IPR of the right eigenvector associated to the outlier

eigenvalue λisol. Since 〈R〉 6= 0, the the odd moments of pR are nonzero and the calculation
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of the IPR is more involved than for λ = λb. Substituting λ = λisol = c〈J〉 in Eq. (S36), we

readily obtain the analytic expression [8]

〈R2〉
〈R〉2 =

〈J〉2〈Kout(Kout − 1)〉
c (c〈J〉2 − 〈J2〉) . (S47)

Note that the right hand side of the above equation is positive only if c > cgap = 〈J2〉/〈J〉2,
which is the condition for the existence of an outlier (see Eq. (4) in the main text). As

before, the value of 〈R2〉 is determined by the choice of the eigenvector normalization.

Combining Eqs. (S47) and (S32), we can calculate the third moment 〈R3〉. Setting

λ = λisol, n = 3, and m = 0 in Eq. (S32), we find

〈R3〉 =
1

λ3isol

∞∑

k=0

pKout(k)

[
k〈J3〉〈R3〉+ 3k(k − 1)〈J2〉〈J〉〈R2〉〈R〉+

k!

(k − 3)!
〈J〉3〈R〉3

]

=
1

λ3isol

[
c〈J3〉〈R3〉+ 3〈Kout(Kout − 1)〉〈J2〉〈J〉〈R2〉〈R〉

+〈Kout(Kout − 1)(Kout − 2)〉〈J〉3〈R〉3
]
, (S48)

where the combinatorial factor k!
(k−3)! is equal to the number of distinct k-dimensional vectors

with k− 3 components equal to zero and three components equal to one. Using λisol = c〈J〉
and dividing the above equation by 〈R〉3, leads to

(
c3〈J〉3 − c〈J3〉

) 〈R3〉
〈R〉3 = 3〈Kout(Kout − 1)〉〈J2〉〈J〉〈R

2〉
〈R〉2 + 〈Kout(Kout − 1)(Kout − 2)〉〈J〉3.

(S49)

Inserting Eq. (S47) in Eq. (S49), we obtain that the third moment is given by

〈R3〉
〈R〉3 =

3〈Kout(Kout − 1)〉2〈J〉3〈J2〉
(c3〈J〉3 − c〈J3〉) (c2〈J〉2 − c〈J2〉) +

〈Kout(Kout − 1)(Kout − 2)〉〈J〉3
(c3〈J〉3 − c〈J3〉) . (S50)

Lastly, we compute the fourth moment of pR from the multinomial expansion of Eq. (S32)

for n = 4 and m = 0. The computation is more involved and we need to be careful

and take properly into account all combinatorial factors. There are five different types

of configurations of non-negative integers i1, . . . , ik that fulfill the constraint
∑k

t=1 it = 4.

Below we show a single instance of i1, . . . , ik belonging to each type, together with the

combinatorial factor arising from taking all possible permutations of a certain configuration
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type:

i1 = 4 i2 = · · · = ik = 0 −→ k,

i1 = i2 = i3 = i4 = 1 i5 = · · · = ik = 0 −→ k!

4!(k − 4)!
,

i1 = 3, i2 = 1 i3 = · · · = ik = 0 −→ k(k − 1),

i1 = i2 = 2 i3 = · · · = ik = 0 −→ k(k − 1)

2
,

i1 = 2, i2 = i3 = 1 i4 = · · · = ik = 0 −→ k(k − 1)(k − 2)

2
.

Taking into account the above combinatorial factors, Eq. (S32) assumes the form

〈R4〉 =
1

λ4isol

∞∑

k=0

pKout(k)
[
k〈J4〉〈R4〉+ k(k − 1)(k − 2)(k − 3)〈J〉4〈R〉4

+4k(k − 1)〈J3〉〈J〉〈R3〉〈R〉

+ 3k(k − 1)〈J2〉2〈R2〉2 + 6k(k − 1)(k − 2)〈J2〉〈J〉2〈R2〉〈R〉2
]
,

=
1

λ4isol

[
c〈J4〉〈R4〉+ 〈Kout(Kout − 1)(Kout − 2)(Kout − 3)〉〈J〉4〈R〉4

+4〈Kout(Kout − 1)〉〈J3〉〈J〉〈R3〉〈R〉

+ 3〈Kout(Kout − 1)〉〈J2〉2〈R2〉2 + 6〈Kout(Kout − 1)(Kout − 2)〉〈J2〉〈J〉2〈R2〉〈R〉2
]
.

Substituting λisol = c〈J〉 and dividing the above equation by 〈R〉4, we arrive at

(
c4〈J〉4 − c〈J4〉

) 〈R4〉
〈R〉4 = 〈Kout(Kout − 1)(Kout − 2)(Kout − 3)〉〈J〉4

+4〈Kout(Kout − 1)〉〈J3〉〈J〉〈R
3〉

〈R〉3 + 3〈Kout(Kout − 1)〉〈J2〉2 〈R
2〉2
〈R〉4

+ 6〈Kout(Kout − 1)(Kout − 2)〉〈J2〉〈J〉2 〈R
2〉

〈R〉2 .

The analytic expression for 〈R
4〉

〈R〉4 is derived by substituting Eqs. (S47) and (S50) in the above

equation leading to

〈R4〉
〈R〉4 =

〈Kout(Kout − 1)(Kout − 2)(Kout − 3)〉〈J〉4
(c4〈J〉4 − c〈J4〉)

+
12〈Kout(Kout − 1)〉3〈J〉4〈J3〉〈J2〉

(c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉) (c2〈J〉2 − c〈J2〉)

+
4〈Kout(Kout − 1)〉〈Kout(Kout − 1)(Kout − 2)〉〈J〉4〈J3〉

(c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉)

+
3〈Kout(Kout − 1)〉3〈J2〉2〈J〉4

(c4〈J〉4 − c〈J4〉) (c2〈J〉2 − c〈J2〉)2

+
6〈Kout(Kout − 1)(Kout − 2)〉〈Kout(Kout − 1)〉〈J2〉〈J〉4

(c4〈J〉4 − c〈J4〉) (c2〈J〉2 − c〈J2〉) . (S51)
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The IPR follows from Eq. (S28) (see also Eq. (8) in the main text). Using Eq. (S47), we

express 〈R〉4 in terms of 〈R2〉2, obtaining the following analytic expression for the IPR of

the right eigenvector associated to λisol (see Eq. (10) in the main text)

〈R4〉
〈R2〉2 =

3β1〈J2〉2
(c4〈J〉4 − c〈J4〉) +

β3 (c2〈J〉2 − c〈J2〉)2
β2
1 (c4〈J〉4 − c〈J4〉) +

12β1〈J3〉〈J2〉 (c2〈J〉2 − c〈J2〉)
(c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉)

+
4β2〈J3〉 (c2〈J〉2 − c〈J2〉)2

β1 (c4〈J〉4 − c〈J4〉) (c3〈J〉3 − c〈J3〉) +
6β2〈J2〉 (c2〈J〉2 − c〈J2〉)
β1 (c4〈J〉4 − c〈J4〉) , (S52)

where the coefficients β` (` = 1, 2, 3) depend solely on the outdegree distribution and are

defined as

β` =
∞∑

k=`+1

pKout(k)
k!

(k − `− 1)!
. (S53)

S4. THE HIGH CONNECTIVITY LIMIT FOR THE DISTRIBUTION OF

EIGENVECTOR COMPONENTS

In this section, we derive the analytic expressions for the high connectivity limit c→∞ of

pR(r|λ) given by Eqs. (22)-(25) in the main text. We consider explicitly the cases of regular,

Poisson, and exponential random graphs, and we discuss why the approach presented here

does not work for random graphs with Borel degree distributions.

A. General formalism

In general, the eigenvector components are complex random variables and pR(r|λ) rep-

resents the joint distribution of the real and imaginary components (Re(R), Im(R)) in the

complex plane. We consider the characteristic function

gR(u, v|λ) =

∫
d2r pR(r|λ)e−iuRe(r)−ivIm(r) (S54)

of pR(r|λ), where d2r ≡ dRe(r)dIm(r) and the integral is over the complex plane. If we

know the analytic expression for gR(u, v|λ), we obtain pR(r|λ) from

pR(r|λ) =

∫
dudv

4π2
eiuRe(r)+ivIm(r)gR(u, v|λ). (S55)

In what follows, we compute gR(u, v|λ) in the limit c→∞, which is then substituted in the

above equation to obtain pR(r|λ).
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First, we rewrite gR(u, v|λ) by substituting Eq. (S29) in Eq. (S54), yielding

gR(u, v|λ) =
∞∑

k=0

pKout(k)

∫ ( k∏

j=1

dxjd
2rjpJ(xj)pR(rj|λ)

)

× exp

[
−iu

k∑

j=1

xjRe
(rj
λ

)
− iv

k∑

j=1

xjIm
(rj
λ

)]

=
∞∑

k=0

pKout(k) exp [k lnF (u, v|λ)]. (S56)

If λ ∈ C, then the eigenvector components are complex and the function F (u, v|λ) is given

by

F (u, v|λ ∈ C) =

∫
dx pJ(x)

∫
d2r pR(r) exp

(
−xzr

2λ
+
xz∗r∗

2λ∗

)
, (S57)

with z ≡ u + iv, and where (. . . )∗ denotes complex conjugation. On the other hand, if

λ ∈ R, then the eigenvector components are distributed on the real line and F (u, v|λ) is

independent of v, i.e.,

F (u|λ ∈ R) =

∫
dx pJ(x)

∫
d2r pR(r) exp

(
− iuxr

λ

)
. (S58)

In order to compute the high connectivity limit c → ∞ of gR, we expand F in powers of

1/c for c� 1. By representing the exponential in Eqs. (S57) and (S58) as power-series, we

obtain the formal expressions

F (u, v|λ ∈ C) =
∞∑

n,m=0

1

n!m!

(
−z

2

)n(z∗
2

)m 〈Jn+m〉
λn (λ∗)m

〈Rn (R∗)m〉, (S59)

F (u|λ ∈ R) =
∞∑

n=0

(−iu)n

n!

〈Jn〉
λn
〈Rn〉. (S60)

Substituting the values λ = λisol = c〈J〉 or |λ|2 = |λb|2 = c〈J2〉 in Eqs. (S59-S60), we

obtain expansions in powers of 1/c. If the moments 〈Rn(R∗)m〉 converge to a finite limit for

c→∞, then we can truncate these expansions at terms of O(1/c), whereas if the moments

〈Rn(R∗)m〉 diverge, then we need to consider all terms in the series and know all moments

of pR.

From the analytic expressions for the eigenvector moments, presented in the last section,

we conclude that the moments of pR are finite if var[Kout] = Bcα (c � 1) and α ≤ 2. We

explicitly verified that the moments 〈Rn(R∗)m〉 (n+m = 1, 2, 3, 4) converge to a finite limit

if the outdegree distribution pKout(k) is given by a δ peak (regular graph), a Poisson, or
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an exponential distribution, and also the sixth moment of pR(r|λ) converges to a constant

in the high connectivity limit for these examples of degree distributions. Thus, we have

compelling evidence that all eigenvector moments have a finite limit for c→∞ if α ≤ 2.

For outdegree distributions with α > 2, such as the Borel degree distribution, the analysis

of Eqs. (S59) and (S60) in the high connectivity limit is more involved because the eigenvector

moments scale with c for c � 1, and therefore we cannot truncate the series at the first

terms. Below we illustrate this more clearly by comparing the first few terms of Eq. (S59)

for different degree distributions. From now on, we consider, without loosing generality, that

the eigenvectors are normalized as 〈|R|2〉 = 1.

B. High connectivity limit of pR for λ = λb ∈ C

Using the results from the previous section and using the notation F (c)(u, v|λb) ≡
F (u, v|λb ∈ C), we can write down the first three nonzero terms of Eq. (S59):

F (c)(u, v|λb) = 1− |z|
2

4c
+
|z|4〈J4〉
64〈J2〉2

〈|R|4〉
c2

, (S61)

where we substituted |λ|2 = c〈J2〉.
To proceed further, we need to understand how 〈|R|4〉 behaves for large c. From Eq.

(S45), it follows that limc→∞〈|R|4〉 attains a finite value if the variance of pKout(k) scales

as var[Kout] ∝ cα with α ≤ 2. In particular, substituting the results for the outdegree

distributions of the first section in Eq. (S45), we obtain the asymptotic behaviours:

Poisson and regular : lim
c→∞
〈|R|4〉 = 2,

Exponential : lim
c→∞
〈|R|4〉 = 4,

Borel : lim
c→∞
〈|R|4〉
c

= 2.

Hence, for regular, Poisson, and exponential random graphs, for which α ≤ 2, we can

truncate Eq. (S59) at the term of order O(1/c), since the contribution involving 〈|R|4〉 is

of the order O(1/c2). We have also verified that the next term depending on 〈|R|6〉 in

Eq. (S59) is of order O(1/c3) for random graphs with α ≤ 2. Therefore, for graph ensembles

characterized by α ≤ 2, we set for c� 1

F (c)(u, v|λb) = 1− |z|
2

4c
. (S62)
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In the case of the Borel degree distribution, for which α > 2, a more refined analysis of

Eq. (S59) is needed since the term depending on 〈|R|4〉 in Eq. (S61) is also of the order

O(1/c). Therefore, we cannot truncate the series at the second term. We leave the analysis

of the high connectivity limit of pR for graph ensembles with α > 2 for a future work.

Substituting Eq. (S62) in Eq. (S56) and expanding the logarithm for c � 1, we obtain

an expression for g
(c)
R (u, v|λb) ≡ gR(u, v|λb ∈ C)

g
(c)
R (u, v|λb) =

∞∑

k=0

pKout(k) exp

[
−k|z|

2

4c

]
. (S63)

The above equation depends only on the degree distribution and is independent of pJ .

Consequently, at this point we have to specify pKout(k) in order to explicitly perform the

summation over the degrees. For regular, Poisson and exponential outdegree distributions

(see Eqs. (S2), (S5) and (S10)), we explicitly sum the series and take the limit c → ∞,

obtaining

g
(c)
R (u, v|λb) = exp

(
−|z|

2

4

)
(S64)

for Poissonian and regular degree distributions, and

g
(c)
R (u, v|λb) =

(
1 +
|z|2
4

)−1
(S65)

for exponential degree distributions.

Lastly, we insert Eq. (S64) in Eq. (S55) and calculate the Gaussian integral over u and v

to obtain the expression

p
(c)
R (r|λb) =

1

π
e−|r|

2

, (S66)

valid for degree distributions with α < 2. The above equations is the Eq. (22) in the main

text. The above result is consistent with the standard prediction of random matrix the-

ory according to which the eigenvector components of fully-connected random graphs with

Gaussian distributed edges are Gaussian distributed random variables [14]. From Eq. (S66),

it is straightforward to derive the so-called Porter-Thomas distribution for the eigenvector

amplitudes {|Ri|2}i=1,...,N [14]. Although it is natural to expect that the spectral proper-

ties of random graphs converge to those of Gaussian random matrices in the limit c → ∞,

Eq. (S63) makes clear that the high connectivity limit of pR(r|λb) depends on the degree

distribution.
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As an example of graph ensemble for which the high connectivity limit of pR does not

converge to the Porter-Thomas distribution of random matrix theory, we compute pR for an

exponential degree distribution (α = 2). Substituting Eq.(S65) in Eq. (S55), we obtain

p
(c)
R (r|λb) = 4

∫ ∞

−∞

dudv

4π2
eiuRe(r)+ivIm(r) 1

4 + u2 + v2
. (S67)

After changing the integration variables in Eq. (S67) to polar coordinates (ρ, θ), i.e., u =

ρ cos θ and v = ρ sin θ, we can integrate over θ and find

p
(c)
R (r|λb) =

2

π

∫ ∞

0

dρ
ρ

(4 + ρ2)
J0 (ρ|r|) , (S68)

where J0(x) is a Bessel function of the first kind. The integral over ρ is calculated through

an integration by parts, leading to the final result

p
(c)
R (r|λb) =

2

π
K0 (2|r|) , (S69)

where Kout
0 (x) is a modified Bessel function of the second kind [15]. The above equation is

Eq. (24) in the main text.

C. High connectivity limit of pR for λ = λb ∈ R

Substituting λ = ±
√
c〈J2〉 in Eq. (S60), we obtain the following expression for

F (r)(u|λb) ≡ F (u|λb ∈ R) when c� 1

F (r)(u|λb) = 1− u2

2c
, (S70)

provided pKout(k) is such that α ≤ 2. Inserting Eq. (S70) in Eq. (S56) and expanding the

logarithm for large c, we find

g
(r)
R (u|λb) =

∞∑

k=0

pKout(k) exp

[
−ku

2

2c

]
, (S71)

where we introduced the notation g
(r)
R (u|λb) ≡ gR(u|λb ∈ R). If pKout(k) is a Poisson or

regular distribution (or more generally α < 2),then

g
(r)
R (u|λb) = exp

(
−u

2

2

)
, (S72)

while for the exponential degree distribution with α = 2 we obtain

g
(r)
R (u|λb) =

(
1 +

u2

2

)−1
. (S73)



18

Lastly, we calculate the integral in Eq. (S55). Substituting Eq. (S72) in Eq. (S55) and

calculating the Gaussian integrals over u and v, we obtain the following result for p
(r)
R (r|λb) =

p
(r)
R (r|λb ∈ R)

p
(r)
R (r|λb) = δ [Im(r)]

1√
2π
e−

1
2
[Re(r)]2 , (S74)

valid for α < 2. Now we turn our attention to the exponential degree distribution for which

α = 2. Substituting Eq. (S73) in Eq. (S55), we get

p
(r)
R (r|λb) = 2δ [Im(r)]

∫ ∞

−∞

du

2π
eiuRe(r) 1

2 + u2
, (S75)

which leads to the exponential distribution

p
(r)
R (r|λb) =

1√
2
δ [Im(r)] e−

√
2|Re(r)|. (S76)

D. High connectivity limit of pR for λ = λisol

We set λ = λisol = c〈J〉 in Eq. (S60) and truncate the series at the second term, yielding

F (u|λisol) = 1− iu〈R〉
c

. (S77)

Analogous to the case λ = λb, the moments 〈Rn〉 (n = 1, 2, 3, . . . ) of the eigenvector

distribution attain a finite value in the limit c → ∞ if α ≤ 2 and λ = λisol. This ensures

that we can truncate the series in Eq. (S60) at the second term. Substituting Eq. (S47) in

Eq. (S77) and setting the normalization 〈R2〉 = 1, we obtain

F (u|λisol) = 1− iu√
〈Kout(Kout − 1)〉

, (S78)

which leads to the following expression for the characteristic function

gR(u|λisol) =
∞∑

k=0

pKout(k) exp

[
− iuk√
〈Kout(Kout − 1)〉

]
. (S79)

By substituting the variance var[Kout] = Bcα in the above equation, we obtain the Eq. (21)

appearing in the main text. For α < 2, which includes regular and Poisson degree distribu-

tions, Eq. (S79) yields for c→∞

gR(u|λisol) = e−iu, (S80)
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while, for the exponential degree distribution, Eq. (S79) yields for c→∞

gR(u|λisol) =

√
2√

2 + iu
. (S81)

Finally, in order to obtain pR(r|λisol), we substitute Eqs. (S80) and (S81) in Eq. (S55),

solve the remainder integrals, and take the limit c → ∞, obtaining the following result for

α < 2

pR(r|λisol) = δ [Im(r)] δ [Re(r)− 1] . (S82)

For the exponential degree distribution with α = 2, we get

pR(r|λisol) =
√

2 δ [Im(r)] Θ [Re(r)] e−
√
2Re(r), (S83)

where Θ(. . . ) denotes the Heaviside step function. Eqs. (S82) and (S83) are, respectively, the

Eqs. (23) and (25) in the main text, which we aimed to derive. Equations (S69), (S76), (S82),

and (S83) explicitly show that the high connectivity limit of the eigenvector distributions at

λ = λb and λ = λout is generally not given by the predictions of random matrix theory [14].

S5. COMPARISON WITH DIRECT DIAGONALIZATION RESULTS

We compare the theoretical results for the IPR of ~R(λb) and ~R(λisol), given by Eqs. (9)

and (10) in the main text, with results for the IPR obtained from direct diagonalization of

adjacency matrices with finite size n.

In order to compare the theory with direct diagonalization, we order the eigenvalues of

random matrices A of size n× n in the following way:

|λ1| ≥ |λ2| ≥ . . . ≥ |λn|. (S84)

If |λj| = |λj+1|, then we order the eigenvalues such that Im(λj) > Im(λj+1). Given the above

ordering, we define the relative rank of an eigenvalue λj as

y ≡ j

n
. (S85)

The eigenvalue outlier λisol and an eigenvalue λb located at the boundary of the spectrum

both have a relative rank that satisfies y → 0.
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The inverse participation ratio associated with the right eigenvector of λj is given by

I(λj) =
n
∑n

i=1 |Ri(λj)|4
(
∑n

i=1 |Ri(λj)|2)2
. (S86)

In the limit n→∞, we consider the function

Iy = lim
n→∞

I(λny) (S87)

defined on the interval [0, 1], which is a deterministic variable if I(λj) is self-averaging. For

finite n, we are interested in the mean value

〈I(λj)〉 =

〈
n
∑n

i=1 |Ri(λj)|4
(
∑n

i=1 |Ri(λj)|2)2

〉
(S88)

and in the distribution pI(λj) for the IPR

pI(λj)(x) =
〈
δ(x− I(λj))

〉
. (S89)

In the first subsection, we present direct diagonalization results for the mean IPR of right

eigenvectors, given by Eq. (S88), as a function of the relative rank y, and we show that the

theoretical results derived in the main text apply to right eigenvectors with rank y ≈ 0. In

the second subsection, we compute the distribution of the IPR given by Eq. (S89). Finally,

in the last subsection, we plot the mean IPR as a function of c for right eigenvectors with

small rank j = 1, 2, 3, 4, 5 and we compare these results with the Fig. 2 in the main text.

A. IPR as a function of the rank

The properties of I(λj) depend whether λj /∈ R or λj ∈ R, since in the former case the

right eigenvectors have complex entries, while in the latter case the eigenvectors have real

entries. Therefore, it is convenient to consider the conditional averages

〈I(λj)|λj /∈ R〉 =

〈
n
∑n

i=1 |Ri(λj)|4
(
∑n

i=1 |Ri(λj)|2)2

∣∣∣∣∣λj /∈ R

〉
, (S90)

and

〈I(λj)|λj ∈ R〉 =

〈
n
∑n

i=1 |Ri(λj)|4
(
∑n

i=1 |Ri(λj)|2)2

∣∣∣∣∣λj ∈ R

〉
. (S91)
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FIG. S2: The average inverse participation ratios 〈I(λj)|λj /∈ R〉 [Panel (a)] and 〈I(λj)|λj ∈ R〉

[Panel (b)] as a function of y = j/n for a random, regular, and directed graph with c = 5 and

pJ(x) = δ(x−1). Empirical estimates (markers) are compared with the theoretical results (dashed

lines) valid for y → 0 and given by Eq. (S98). Markers for n = 250 (black squares) and n = 1000

(red circles) are sample means over 1e + 6 matrix realizations, and markers for n = 4000 (blue

diamonds) are sample means over 1e+ 5 matrix realizations.

Thus, in the limit n→∞, we study the functions

I(c)y = lim
n→∞
〈I(λny)|λny /∈ R〉 (S92)

and

I(r)y = lim
n→∞
〈I(λny)|λny ∈ R〉, (S93)

which are defined on the interval [0, 1].

According to the theory presented in the main text, we have that (see Eq. (9))

lim
y→0
I(c)y =

2 [〈(Kout)2〉 − c]
c (c− 〈J4〉/〈J2〉2) (S94)

and

lim
y→0
I(r)y =

3 [〈(Kout)2〉 − c]
c (c− 〈J4〉/〈J2〉2) , (S95)

provided I(c)y and I(r)y are self-averaging, and given that λ = λb. The quantities I(c)y and I(r)y
are self-averaging if pJ(x) = δ(x−1), as discussed in Ref. [13]. If pJ(x) has a finite variance,

then Eqs. (S94- S94) apply to a very good approximation, and they are exact if the average

values are replaced by the typical values in the right-hand side of Eqs. (S92-S93) [13].

In the special case of the adjacency matrices of directed random graphs such that

pKout(k) = δk,c (S96)
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FIG. S3: Distribution pI(λ2) of I(λ2) for random, directed, regular graphs with c = 5 and pJ(x) =

δ(x−1) (black squares). The distribution is constructed from 1e+5 matrix realizations [same data

as in Fig. S2]. We also plot the distribution of I(λ2) when λ2 is conditioned to be non-real (red

circles) and real (blue diamonds).

and

pJ(x) = δ(J − 1), (S97)

we obtain

lim
y→0
I(c)(y) = 2, lim

y→0
I(r)(y) = 3, (S98)

independent of the average degree c.

In Fig. S2, we estimate 〈I(λny)|λny /∈ R〉 and 〈I(λny)|λny ∈ R〉 as a function of the

relative rank y using sample means obtained from direct diagonalization results of directed

random graphs with pKout(k) = δk,c, pJ(x) = δ(x − 1), and c = 5, and for three values of

the system size: n = 250, 1000, 4000. Figure S2 compares the numerical estimates for the

mean IPR’s at y ≈ 0 with the theoretical expressions given by Eq. (S98). We observe that

Eq. (S98) is well corroborated by the numerical diagonalization results.

In addition, we make a couple of interesting empirical observations. From Fig. 2(b) it is

clear that

I(r)(y) = 3 (S99)

for any value of y ∈ [0, 1]. On the other hand, from Fig. 2(a) it is not clear what is the value

of I(c)(y) for y > 0 [note that the theory for the IPR Eq. (9) only applies at the boundary

of the spectrum, i.e. for y = 0].
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FIG. S4: Sample means for the IPR of right eigenvectors in the adjacency matrices of random

directed graphs with pKout a Poisson distribution of mean c, pJ a Gaussian distribution with mean

µ = 1 and variance σ2 = 1, and n = 1000. Panel (a): each marker is the sample mean over 1e+3

matrix realizations. The solid line denotes the theoretical value I(λb) in Eq. (S103) with γ = 2.

Panel (b): each marker is the sample mean over 1e+4 matrix realizations. The solid line denotes

the theoretical value I(λb) in Eq. (S103) with γ = 3 and the dashed line is the theoretical value

I(λisol) in Eq. (S104). Note that for c > cgap = 2 (see Eq.(4)) the eigenvalue of rank 1 will be the

real-valued outlier, and therefore in Panel (a) we have not considered rank 1 eigenvalues.

B. Distribution of the IPR and self-averaging

In Fig. S3, we plot numerical estimates for the distribution of I(λ2), given by Eq. (S89),

for the eigenvalue of rank j = 2 of adjacency matrices of directed random graphs with

pkout(k) = δk,c, pJ(x) = δ(x − 1), and c = 5. We observe that the distribution is peaked

around two values, namely, 2 and 3. These two values correspond with I(λ2) at λ2 /∈ R

and λ2 ∈ R, respectively. This is evident from plotting the distributions conditioned on

either λ2 /∈ R or λ2 ∈ R. These results are consistent with the theoretical values of λb /∈ R

and λb ∈ R in Eq. (S98), and hence corroborate the theory for the IPR of directed random

graphs presented in the main paper.

In the limit of large n, the height of the peak centred at the value I(λ2) = 3 will converge

to zero for n→∞. This is because the number of real eigenvalues of the adjacency matrix

of a regular random graph scales as
√
n, as shown in Figure 3 of Ref. [9]. Moreover, in the

limit of large n, the widths of the two peaks in Fig. S3 will converge to zero.
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C. Localization transition

Lastly, we show numerical evidence from direct diagonalization results for the localization

transition of right eigenvectors in the adjacency matrix of directed random graphs.

In Fig. S4 we present empirical estimates for 〈I(λj)|λj /∈ R〉 and 〈I(λj)|λj ∈ R〉 for

eigenvalues of rank j = 1, 2, 3, 4, 5 in random directed graphs with

pKout(k) =
cke−c

k!
(S100)

and with

pJ(x) =
1√

2πσ2
e−

(x−µ)2
2σ2 (S101)

with µ = 1 and σ2 = 1. Note that in the limit n → ∞ graphs with a Poisson outdegree

distribution are equivalent to directed Erdős-Rényi graphs for which the Cij are i.i.d. random

variables drawn from the distribution

pCij(x) =
c

n
δx,1 +

(
1− c

n

)
δx,0. (S102)

Fig. S4 should be compared with Fig. 2 in the main text that plots the theoretical

expressions in the limit n→∞ given by Eqs. (9) and (10). In the present case,

I(λb) =
(γ + 1) c

c− 5/2
(S103)

and

I(λisol) =
c

c3 − 10

{
3 + (c− 1)

[
5 + c+

16

c− 2

]}
. (S104)

We observe in Fig. S4 that the theoretical expressions given by Eqs. (S103) and (S104) are

very well corroborated by direct diagonalization results. This shows that the theory for the

IPR presented in the main text works well even for matrices of relative small size n = 1000.
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